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Abstract. We show spherical completeness of the ring of Colombeau general- 
ized real (or complex) numbers endowed with the sharp norm. As an applica- 
tion, we establish a Hahn-Banach extension theorem for ultra-pseudo-normed 
modules (over the ring of generalized numbers) of generalized functions in the 
sense of Colombeau. 

1. Introduction 



cn 



o 

j^ , Let {M, d) be an ultrametric space. For given x G M, r G M+, we call B<r{x) 

{y G M I d{x, y) < r} the dressed ball with center x and radius r. Throughout 
N:={1,2,...} denote the positive integers. Let {xi)i G M^^ and {ri)i be a sequence 
of positive reals. We call {Bi)i, Bi := B^nixi) (« > 1) a nested sequence of dressed 
balls, if ri > r2 > rs . . . and Bi D B2 ^ ■ ■ ■ ■ Following standard ultrametric liter- 
ature (cf. |11|). nested sequences of dressed balls might have an empty intersection. 
0*\ . The converse property is defined as follows: 

^ . Definition 1.1. {M,d) is called spherically complete, if every nested sequence of 

f~^ I dressed balls has a non-empty intersection. 

It is evident that any spherically complete ultrametric space is complete with 
respect to the topology induced by its metric (using the well known fact that topo- 
logical completeness of (M, d) is equivalent to the property of Definition 11.11 with 
C^ ' radii r^ \ 0) . However, there are popular non-trivial examples in the literature, 

M , for which the converse is not true. As an example we mention the completion Cp of 

the algebraic closure of the field of rational p-adic numbers. Due to Krasner, this 
field has nice algebraic properties (as it is algebraically closed, and even isomorphic 
to the complex numbers cf. illj, pp. 134-145), but it also has been shown, that 



> 

X. 

J^ , Cp is not spherically complete. This is mainly due to the fact that the complex p- 

adic numbers are a separable, complete ultrametric space with dense valuation (cf. 
[llj . pp. 143-144). However, for an ultrametric field K, spherical completeness is 
necessary in order to ensure K has the Hahn-Banach extension property (to which 
we refer as HBEP), that is, any ultra-normed ii'- vector space E admits continuous 
linear functionals previously defined on a strict subspace V^ of i? to be extended 
to the whole space under conservation of their norm (this is due to W. Ingleton, 
[5]). Since spherical completeness fails, it is natural to ask if the p-adic numbers 
could at least be spherically completed, i.e., if there existed a spherically complete 



2000 Mathematics Subject Classification. Primary 46F30. 

Key words and phrases, generalized functions, Colombeau theory, ultrametric spaces, spheri- 
cally complete, topological rings, Hahn-Banach theorem. 

Work supported by FWF research grants P16742-N04 and Y237-N13. 

1 



2 E. MAYERHOFER 

ultrametric field f2 into which Cp can be embedded. This question has a positive 
answer (cf. llj). The necessity of spherical completeness for the HBEP oi K — Cp 
is evident: even the identity map 

ip : Cp ^ Cp, ^{x) := X 

cannot be extended to a functional "0 : f2 — *■ Cp under conservation of its norm 
\\ip\\ = 1 (here we consider J7 as a Cp- vector space) u 

The present paper is motivated by the question if a HBEP for the ring M. (resp. 
C) of generalized numbers holds. Even though a first version of Hahn-Banach's 
Theorem is given in ([4], Proposition 3.23), a general version of the latter has not 
been established yet in the literature. 

The analogy with the p-adic case lies at hand, since the ring of generalized 
numbers can naturally be endowed with an ultrametric pseudo-norm. However, the 
presence of zero-divisor in R as well as the failing multiplicativity of the pseudo- 
norm turns the question into a non-trivial one and Ingleton's ultrametric version 
of the Hahn-Banach Theorem cannot be carried over to our setting unrestrictedly. 

On our first step tackling this question we discuss spherical completeness of the 
ring of generalized numbers endowed with the given ultrametric (induced by the 
respective ultra-pseudo-norm, cf. the preliminary section). 

R first was introduced as the set of values of generalized functions at standard 
points; however, a subring consisting of compactly supported generalized numbers 
turned out to be the set of points for which evaluation determines uniqueness, 
whereas standard points do not suffice do determine generalized functions uniquely 
(cf. [3 [5] as well as section 1.2.4 in 5 ). A hint, that K. (or C as well), the ring 
of generalized real (or complex) numbers is spherically complete, is, that contrary 
to the above outlined situation on Cp, the generalized numbers endowed with the 
topology induced by the sharp ultra-pseudo-norm are not separable. This, for 
instance, follows from the fact that the restriction of the sharp valuation (cf. Section 
[2]) to the real (or complex) numbers is discrete. 

Having motivated our work by now, we may formulate the aim of this paper, 
which is to prove the following: 

Theorem 1.2. The ring of generalized numbers is spherically complete. 

We therefore have an independent proof of the fact (cf. [4j, Proposition 1. 31 and 
Proposition 3.4): 

Corollary 1.3. The ring of generalized numbers is topologically complete. 

In the last section of this paper we present a modified version of Hahn-Banach's 
Theorem which bases on spherically completeness of M (resp. C). Finally, a remark 
on the applicability of the ultrametric version of Banach's fixed point theorem can 
be found in the appendix. 



To check this, let Bi := B^j..{xi) be a nested sequence of dressed balls in Cp with empty 
intersection. Then Bi := B^.^.{xi) C f2 have nonempty intersection, say Q 9 a £ HiS:!^!- 
Assume further, the identity if on Cp can be extended to some linear map i/i : Q — * Cp under 
conservation of its norm. Then 

\i}{a) - Xi\n = \ip{a) - Lp{xi)\n < MWa - Xi\cj, = \a - Xi\cj,, 

therefore i/'(o) G fliS:! ^i which is a contradiction and we are done. 
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2. Preliminaries 

In what follows we repeat the definitions of the ring of (real or complex) general- 
ized numbers along with its non-archimedean valuation function v. The material is 
taken from different sources; as references we recommend the recent works due to 
C. Garetto ([3l|4]) and A. Delcroix et al (jjij) as well as one of the original sources 
of this topic due to D. Scarpalezos (cf. [2]). 

Let / := (0, 1] C R, and let K denote R resp. C The ring of generalized numbers 
over K is constructed in the following way: given the ring of moderate (nets of) 
numbers 

Sm ■■= {ixe)e eK'\3N: \x,\ = ©(e"^) (e ^ 0)} 
and, similarly, the ideal of negligible nets in Sm which are of the form 
JV ■= {{x,), e K^ I V m : Ixel = 0(£") (e -> 0)}, 

we define the generalized numbers as the factor ring K :— £m/M. We define a 
valuation function v on £m with values in (—00, cxd] in the following way: 

v((u,),) := sup {6 e M I \u,\ = ©(e") (e -> 0)}. 

This valuation can be carried over to the ring of generalized numbers in a well 
defined way, since for two representatives of a generalized number, the valuation 
above coincides (cf. [4], Section 1). We then endow IK with an ultra-pseudo-norm 
('pseudo' refers to non-multiplicativity) | |c in the following way: |0|e '■— 0, and 
whenever x ^ 0, \x\c := 0^^*^^^ With the ultrametric dc induced by the above 
ultra-pseudo-norm, IK turns out to be a non-discrete ultrametric space, with the 
following topological properties: 

(i) (IK, dc) is topologically complete (cf. [4]), 
(ii) (IK, dc) is not separable, since the restriction of dc onto IK is discrete. 

The latter property holds, since on metric spaces second countability and separabil- 
ity are equivalent and the well known fact that the property of second countability 
is inherited by subspaces (whereas separability is not in general). 

In order to avoid confusion we henceforth denote closed balls in IK by B<r{x) := 
{j/ e K I |y — x| < r} in distinction with dressed balls in K which we denote by 
B<cr{x) := {y G IK I \y — x\c < r}. Similarly stripped balls and the sphere in the 
ring of generalized numbers are denoted by B^r{x) := {y G K | |y — x\c < r} resp. 
Sr{x) -.^ {y eK\\y - x\c = r}. 

3. Euclidean Models of sharp neighborhoods 

Throughout, a net of real numbers {Ce)e is said to increase monotonically with 
e ^ 0, if the following holds: 

To begin with we formulate the following condition: 

Condition (E). 

A net (Ce)e is said to satisfy condition (E), if it is 

(i) positive for each e and 

(ii) monotonically increasing with e -^ 0, and finally, if 
(iii) the sharp norm is \{Ce)e\e — 1- 
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Next, we introduce the notion of euclidean models for sharp neighborhoods of gen- 
eraUzed points: 

Definition 3.1. Let a; G K, p G M, r := exp(-p). Let further (Ce)^ e M-^ be a 
net of real numbers satisfying condition (E) and let (a;^)^ be a representative of x. 
Then we call the net of closed balls {B^)^ C K^ given by 

Be := B<c,^ep{Xe) 

for each e £ / an euclidean model for B<r{x). 

Note, that every dressed ball admits an euclidean model: let {xe)e be a represen- 
tative of X and define {Ce)e by C^ :— 1 for each e £ I; then B^Cecixe) determines 
an euclidean model for B<r{x) when p = — log(r). 
We need to mention that whenever we write {B^ )e C [B^ )e, we mean the inclu- 

(2'] 

sion relation C holds component wise (that is for each e e /), and we say {B^ )e 

contains {Be )e- 

The following lemma is basic; however, in order to get familiar with the concept of 

euclidean neighborhoods, we include a detailed proof: 

Lemma 3.2. For a; G IK and r > let {Be)e be an euclidean model for B<cr{x). 
Then, 

(i) for any y G B^r{x) there exists a representative {ye)e such that y^ G B^ 
for all £ G /. 

(ii) There exist y G Sr(x) fulfilling the following property: for every represen- 
tative {ye)e of y there exists Eq G I such that y^^ ^ Be„. However, for all 
y G Sr{x) and for all representatives (j/e)^ of y there exists an euclidean 
model Be '■— B^^ pi^e) for B<r{x) containing {Be)e such that ye G Be 
and d{dBe,ye) > ^s^ for all e e L 

Proof. (jl|: By definition of the sharp norm, \y — x|e < r is equivalent to the 
situation, that for each representative {ye)e of y and for each representative {xe)e 
of X, we have 

sup{5 eR\\ye-Xe\^ 0{e''){e ^ 0)} > p, 

and this implies that there exists some p' > p such that for any representative {ye)e 
of y and any representative {xe)e of x we have 

\ye-Xe\^o{eP), 6^0. 

This further implies that for any choice of representatives of x resp. of y, there 
exists some rj d I with 

(3.1) \ye-Xe\<e''' 

for each e < rj. Since Ce > for each e G / and Ce is monotonically increasing 
with e ^ 0, we have e^ < CeS^ for sufficiently small e. Therefore, a suitable choice 
of rj and of ye for s > rj yields the first claim (for instance, one can set ye '■— Xe 
whenever £ > rj). 
We go on by proving (|ii|): For the first part, set 

ye:=2Ce£'' + Xe 
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Let y denote the class of (j/e)^. It is evident, that y G Sr{x). However, (j/e) ^ B^ 
for each e e /. Indeed, 

V £ e / : |ye - a;eH 20^6" > C^e", 

since Cg > for each e. We further show, that the same holds for any representative 
{ye)e of y for sufficiently small index e. Indeed, the difference of two representatives 
being negligible implies that for any A^ > we have 

y,-y,^ois^) (e^O). 

Therefore, for N > p and sufficiently small e, we have: 

3 



We 



ye\ >\\ye~ ye\ ~ \ye - X,\\ > 2C,eP - £^ > -CeeP > CeS" . 



Therefore we have shown the first part of ([u]). Let us take an arbitrary y e Sr{x). 
We demonstrate how to blow up {Bg)^ to catch some fixed representative {ye)e of 
y. Since \y — x\ = e^P = r, there is a net C^ > (|(C^)e|e = 1) such that 

Vee/: \y,~x,\^C'^eP 

Set C" — max^>£{l, C' }. This ensures that (C") is a monotonically increasing 
with £ ^ 0, above 1 for each e G /, and |(C")|e = 1 is preserved. The same holds 
for the net Cf := C^' + Ce. Define B'^ := B<c-'ep{xe). Then {B'^)e is a new model 
for B<r{x) containing the old model and (j/e)e as well, since the sum C'J' satisfies 
the required properties (of condition (E)), and 

lye-x.liCC'JePKC'J'e". 



Setting Cg :— 2C'J' we obtain a model B^ :— B^^ ^p^^e) for B<r{x) with the 

'hich finishes the proof 

D 



further property that jj/^ — x^j < -^e^ for each e e / which finishes the proof of 



Remark 3.3. The preceding lemma can be reformulated in the following way: For 
all y G B<,r{x) there exists an euclidean model B^ := B<c^Ep{xe) and a represen- 
tative {ye)e of y such that ye G Be and d{dBe, ye) > %-£'' foi' all e G /. 

Before going on by establishing the crucial statement which will allow us to 
translate decreasing sequences of closed balls in the given ultrametric space K to 
decreasing sequences of their (appropriately chosen) euclidean models, we introduce 
a useful term: 

Definition 3.4. Suppose, we have a nested sequence {Bi)°l^ of closed balls with 
centers Xi and radii Vi in K. Let (Be )e be an euclidean model for Bi (i G N). We 
say that this associated sequence of euclidean models is proper, if ( {Be )e ) is 
nested as well, that is, if we have: 

{BP)eDiB(%DiBi%D.... 
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4. Proof of the main Theorem 



In order to prove the main statement, we proceed by establishing two important 
prehminary statements. First, a remark on the notation adopted in the sequel: if 
{xi)i, a sequence of points in the ring of generalized numbers, is considered, then 
{xe)s denote (certain) representatives of the Xi's. Furthermore, for subsequent 
choices of nets of real numbers (Ce )e, and positive radii n, we denote by pi the 
negative logarithms of the n's [i — 1,2,...,) while the euclidean models for the 
balls B<ri(xj) with radii ri '■— Ce e^^ to be constructed are denoted by 

i3«:=i3<^,,)(x«). 

We start with the fundamental proposition: 

Proposition 4.1. Let xi, X2 G K, and ri, r2 be positive numbers such that 
B<ri{xi) 3 B<r2{^2)- Let {xe )e be a representative of xi. Then the following 
holds: 

(i) There exists a net (Cg )e satisfying condition (E) and a representative 
{xe )e of X2 such that 

(4.2) xfeS ^a^(x«) 

— 2 

for each e € I. 
(ii) Furthermore, for each net {Ce )e satisfying condition (E) there exists 
4^^ e I such that B^^ C si^^ for all e £ (0,e[,^^). 

Proof. Proof of ((I]): We distinguish the following two cases: 

• X2 S Sriixi), that is \x2 — a;i|o = ri. For a given representative {xk )e of 
X2, define ci^^ := \x^P - xf^\. Now, set c'i^^ := 2max({C'^^^|77 > e},l). 
Then not only Ce > for each parameter e, but also the net Ce > is 
monotonically increasing with e ^ 0, furthermore (|4.2p holds, and we are 
done with this case. 

• X2 ^ Sri{x\), that is \x2 — xi\e < ri. Set, for instance, Ce — 1. For each 

(2'] 

representative {xl )e of X2 it follows that 

l42)_4i)| = o(£Pi) 

and a representative satisfying the desired properties is easily found. 
Proof of dni: 

To show this we consider the asymptotic growth of (Ci )e, (Ce )e, £''% ^''^ as well 
as the monotonicity of Ci ' . Let y S B (2) ^^ [xe )■ By the triangle inequality we 
have that 

(4.3) \y - x(i) I < ly - xf^ \ + 14^) _ ^W | < ^f )£''^ + 



&'\P^ 



for all e £ I. We know further that by the monotonicity Ve G / : Ce > C^Ji ='■ Ci 
so that 

(4.4) ^eP2-pi < (7(7(2) £P2 -PI ^ 



SPHERICAL COMPLETENESS OF GENERALIZED NUMBERS 7 

Moreover, since the sharp norm of Ce equals 1, for any q > we have that 

Cf ) = o(e-"), (e ^ 0), 

which in conjunction with the fact that p2 > pi aUows us to further estimate the 
right hand side of (|4.4p : Obtaining 



-eP^-p^ = o(l), (e ^ 0). 



(1). 



We plug this information into (|4.3p . This yields for sufficiently small e, say e < Eq 

(4.5) l?/-4^^l<^^^ + ^^^ = c:Ws- 

and completes the proof. D 

Proposition 4.2. Any nested sequence of closed balls in IK admits a proper sequence 
of associated euclidean models. 

Proof. We proceed step by step so that we can easily read off the inductive argument 

of the proof in the end. 

We may assume that for each i > 1, r.; > r^+i. Define pi := — log(ri) (so that 

Pi < Pi+i for each i > 1). 

Step 1. 

Choose a representative (xe )e of xi. 

Step 2. 

Due to Proposition 14.11 (ji| we can choose a representative {xe )e of X2 and a net 

{Ce )e of real numbers satisfying condition (E) such that 

^f'^B _^^{xP) 

— 2 

for all £ G /. 
Step 3. 

Similarly, take a representative [xl )e of 0:3 and a net (Ce )e of real numbers 
satisfying condition (E) such that such that for each e G / 

(4.6) if £5^2^(42)). 

— 2 

Denote by £q e / be the maximal e such that the inclusion relation i?e C _B^ ^ 
holds (cf. ini of Proposition 14. ip . We show now, how to adjust our choice of 
Xe , Ce such that condition (E) as well as the inclusion relation (|4.6p is preserved, 
however, we do this in a way such that we moreover achieve the inclusion relation 

(4.7) Bf^ C B^ 

for each e. For e < e^ we leave the choice unchanged, that is, we set 

^(3) ._ a(3) M2) ._ A(2) 

For e > £q , however, we set 

(4.8) x(3) := xf , CP :- mmi^^'^^'^CP). 
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Therefore, (Ce )e still satisfies condition (E), since it is still positive and monoton- 
ically increasing with s -^ 0. Next, it is evident that 

— ^ 2 

still holds for each e G /. Finally, by (|4.8p it follows that the inclusion relation (|4.7p 
holds now for each e G /. For the inductive proof of the statement one formally 
proceeds as in Step 3. Let fc > 1. Assume we have representatives 

(4^))„...,(x('=+i)). 

and nets of positive numbers 

satisfying condition (E), such that for each e G / we have: 

and for some ej, we have for each e < Eq 



Furthermore we suppose the following additional property is satisfied; For each 
£ G / we have: 

where pk '■= — logr^. In the very same manner as above, we can now find a 
representative (xe )e of a;fc+2 and a net of numbers (Ce )e satisfying condition 
(E) such that the above sequential construction can be enlarged by one (fc -^ 

fc + 1). D 

The preceding proposition is a key ingredient in the proof of our main statement 
Theorem [Ll 



Proof. Let {Bi)°^i, Bi := B<r^{xi) {i > 1) be the given nested sequence of dressed 
balls; due to Proposition |421 there exists a proper sequence of associated euclidean 
models 

such that for representatives {xe )e of Xi (i > 1) the above nets are given by 

bW:=B<^<o^,.(x«), p, :=-logr„ C« G R+ 

for each {e, i) G I x N. Since K is locally compact, for each e G J we can choose 
some Xe G K such that 

oo 

since for each e G / we have Bl'^^Bl'^... . By the construction of the net 
(xe)e, we have 

\xe-xf\ <CfeP^ 

for each e E I. This shows that not only the net {xe)e is moderate (use the triangle 
inequality), but also gives rise to a generalized number x :— (x^)^ + A/'(]K) with the 
property 
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for each i. Therefore we have that 

oo 

which yields the claim: K is spherically complete. D 

5. A Hahn-Banach Theorem 

Let L be a subfield of K. Let (_E, || • ||) be an ultrametric normed L-linear space. 
We call Lp an L- linear functional on E', if (^ is an L- linear mapping on E with 
values in K. ^ is continuous if and only if 

1 II l¥'(2^)|o 

\m\ — sup 11 11 < oo. 

0#x6_E IfII 

We denote the space of all continuous L-linear functionals on E by E'j^ . 

Remark 5.1. Note that nontrivial subfields L of K exist. For instance, one can 
choose K(a) with a = [{s}^] G K or its completion with respect to | |o, the Laurent 
series over K. Moreover, given an ultra-pseudo-normed C- module {G,V), the L- 
linear space E generated by elements of G is an an ultrametric normed L-linear 
space. 

Having introduced these notions we show that the following version of the Hahn- 
Banach Theorem holds: 

Theorem 5.2. Let V be an L-linear subspace of E and ip G V[. Then if can be 
extended to some ■0 G -E£ such that \\ip\\ — \\(p\\. 

Proof. We follow the lines of the proof of Ingleton's theorem (cf. [6l) in the fashion 
of ([H], pp. 194-195). To start with, let V^ be a strict L-linear subspace of E and 
let a G L^ \ y . We first show that ip gV[ can be extended to -0 G (V^ + La)'^ under 
conservation of its norm. To do this it is sufhcient to prove that such t}} satisfies for 
each X gV: 

(5.9) mx~a)\\ < ||V^M|x-a|| 

\\ip{x) - ^P{a)\\ < ||(^||.||x-a||=:r,. 

To this end define for each a; in F the dressed ball 

B, -.^ B<r^{(p{x)). 

Next we claim that the family {B^ \ x G V} of dressed balls is nested. To see this, 
let x,y gV. By the linearity of (p and the ultrametric (strong) triangle inequality 
we have 

\(p{x) -(p{y)\c < \\(p\\ ■ \\x-y\\ < ||((9||max(||a;-a||, ||y-a||) = max(r^,ry). 

Therefore we have B^ Q By or By Q B^- According to Theorem ll.2[ K is spherically 
complete, therefore we can choose 

aG fl S, 
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and further define iMa) := a. According to (j5.9p we therefore have for each z & V 
and for each A e Lq 

|^(z-Aa)|e = |A|e- |V^(z/A-a)|e < \X\or,/x = |A|o- 1|^|| • \\z/X-a\\ = |1^|1 ■ ||z- Aa|| 

which shows that ijj is an extension of (p onto V + La and ||'(/'|| = \\(p\\- 

The rest of the proof is the standard one-an application of Zorn's Lemma. D 

Let {G, II ■ II) be an ultra-pseudo-normed K module and denote by £(t/,K) the 
space of continuous linear functionals on E (according to the notation in [SlU])- 
We end this section by posing the following conjecture: 

Conjecture 5.3. Let V be a submodule of Q and let ip G i2(V,K). Then (p can be 
extended to some element ijj G C{G,¥^) such that \\ip\\ = \\ip\\. 

Appendix 

Finally, it is worth mentioning that apart from the standard Fixed Point Theo- 
rem due to Banach, a non-archimedean version is available in spherically complete 
ultrametric spaces (therefore, also on K, cf. [3], and for a recent generalization cf. 

my- 

Theorem 5.4. Let (M, d) be a spherically complete ultrametric space and f : M ^> 
M be a mapping having the property 

yx,veM:d{!{x)J{y))<d{x,v). 

Then f has a unique fixed point in M . 
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